Abstract. We study curvature restrictions of Levi-flat real hypersurfaces in complex projective planes, whose existence is in question. We focus on its totally real Ricci curvature, the Ricci curvature of the real hypersurface in the direction of the Reeb vector field, and show that it cannot be greater than -4 along a Levi-flat real hypersurface. We rely on a finiteness theorem for the space of square integrable holomorphic 2-forms on the complement of the Levi-flat real hypersurface, where the curvature plays the role of the size of the infinitesimal holonomy of its Levi foliation.
Introduction
The past decades, the non-existence conjecture of a smooth closed Levi-flat real hypersurface in the complex projective spaces CP n (n ≥ 2) has been intensively investigated by foliators, complex analysts, and differential geometers. This conjecture first appeared in the papers [CLS] and [C] devoted to the study of minimal sets of holomorphic foliations on CP n and has been affirmatively proved for n > 2 by Lins Neto [L] in the real analytic case and by Siu [Si] in the smooth case. There have been papers that announced proofs of the non-existence for n = 2, however, they all are considered to contain serious gaps (cf. [IM] ) as far as the authors understand. So the case n = 2 remains open.
The following partial result by Bejancu and Deshmukh uses a differential-geometric approach to restrict a certain curvature of the Levi-flat real hypersurface:
Theorem ( [BD] ). Let M be an oriented C ∞ -smooth closed Levi-flat real hypersurface in CP n (n ≥ 2) equipped with the Fubini-Study metric. Denote by ν the unit normal vector field of M ⊂ CP n and set ξ = −Jν, where J denotes the complex structure of CP n . Then Ric M (ξ, ξ) cannot be ≥ 0 everywhere on M .
The Ricci curvature Ric M (ξ, ξ) is referred to as the totally real Ricci curvature of the real hypersurface M . The aim of this paper is to improve the curvature restriction in the theorem of Bejancu and Deshmukh. Also, our proof is completely complex-analytic.
Our main theorem is stated as follows:
Main Theorem. Let M be an oriented C 2 -smooth closed Levi-flat real hypersurface in CP 2 equipped with the Fubini-Study metric. Then, the totally real Ricci curvature Ric M (ξ, ξ) cannot be > −4 everywhere on M .
The idea of the proof is as follows. The key ingredient is a leafwise (1, 0)-form α on the Levi-flat real hypersurface M , which measures the size of the infinitesimal holonomy of the Levi foliation of M (See §2.4 for its definition). We will find out that the restriction on the totally real Ricci curvature is equivalent to an upper bound on the norm of α by observing an adjunction-type equality (Proposition 3.1). Then, exploiting an integral formula (Theorem 4.1) originating from a paper of Griffiths, we will prove the finite dimensionality of the space of L 2 holomorphic 2-forms on domains with Levi-flat boundary in CP 2 (Corollary 5 .2) under the upper bound on the norm of α. This finite dimensionality is however a contradiction, because the space should be infinite dimensional. To prove this infinite dimensionality, we use rather standard interpolation-type arguments on Stein domains (Proposition 6.1).
The organization of this paper is as follows. In §2, we explain the basic notions and our conventions pertaining to the local geometry of Levi-flat real hypersurfaces. The form α is defined in this section. The connection between the form α and the totally real Ricci curvature is explained in §3 via Gauss' equation. In §4, we explain and prove some integral formulaà la Griffiths. We exploit this formula in §5 to study the finite dimensionality of the space of L 2 holomorphic sections of negative holomorphic line bundles O CP 2 (−m) over domains with Levi-flat boundary in CP 2 . In §6, we prove the infinite dimensionality of the L 2 canonical sections on pseudoconvex domains in complex projective spaces. In Appendix A, we revisit Takeuchi's inequality from the viewpoint of §3 and give a remark on a general restriction on the totally real Ricci curvature of Levi-flat real hypersurfaces in Kähler surfaces.
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Preliminaries for local arguments
In this section, we collect basic notions and our conventions pertaining to the local geometry of Levi-flat real hypersurfaces. We restrict ourselves to the case of Kähler surfaces.
2.1. Kähler metric and the bisectional curvature. Let (X, J X ) be a complex surface. The complex structure J X : T X → T X allows us to regard the real tangent bundle T X as a C-vector bundle. We identify T X with the holomorphic tangent bundle T 1,0 X as C-vector bundles by
where (z 1 , z 2 ) denotes a local coordinate and we write z j = x j + iy j . Let g be a J X -invariant Riemannian metric of X. We define a hermitian metric of T 1,0 X, which we denote by the same g, by
The metric g is said to be Kähler if its fundamental form
is a closed form. Our volume form is dV ω = ω ∧ ω/8. We denote by ∇ the Levi-Civita connection determined by the Riemannian metric g. It is well-known that ∇ coincides with the canonical connection of the hermitian metric g. Our convention of the curvature tensor of ∇ is
for v j ∈ T p X where v j are extensions of v j to vector fields respectively. Given two J X -invariant planes σ 1 , σ 2 ⊂ T p X, we define the bisectional curvature by
where v j are unit vectors in σ j respectively.
Our main example is the complex projective plane X = CP 2 endowed with the Fubini-Study metric g = g F S , whose fundamental form is given by
in non-homogeneous coordinate system (z 1 , z 2 ). Note that ω F S can be regarded as the Chern curvature iΘ(O(1)) of the hyperplane line bundle O(1) with the hermitian metric induced from the standard Euclidean metric of C 3 . In our conventions, the bisectional curvature of (CP 2 , ω F S ) is given by (cf. [GK] )
2.2. Real hypersurfaces and their holomorphic normal bundle. Let M be an oriented C 2 -smooth closed real hypersurface without boundary in X. A defining function ρ of M is a C 2 -smooth real-valued function defined on a neighborhood U of M expressing M = {z ∈ U | ρ(z) = 0} as the preimage of a regular value 0. We always assume that M is oriented as the boundary of {z ∈ U | ρ(z) < 0} by reversing the sign of ρ if necessary. Later in §3, §5 and Appendix A we will choose ρ as the signed boundary distance function to M with respect to the Riemannian metric g.
Along the real hypersurface M , we consider two smooth J X -invariant plane fields: 
We fix a global orthonormal frame {ξ, ν} of σ N with respect to g, so that ν is an outward normal vector of M ⊂ X and ν = Jξ. The vector field ξ, tangent to M , is often referred to as a Reeb vector field. We write the normal derivative h ρ := νρ : M → R >0 . Note that h 
Remark 2.1. We are working with a fixed Kähler metric for simplicity, though note that N 1,0
M and the hermitian metric induced from h 2 ρ are independent of the choice of the hermitian metric g whereas σ N and {ξ, ν} depend on g.
2.
3. Levi-flat and a distinguished parametrization. The Levi-form of M (with respect to ρ) is the restriction of the quadratic form obtained by i∂∂ρ to the holomorphic tangent bundle T 1,0 M . The real hypersurface M is said to be Levi-flat if the Levi-form of M vanishes identically on M . It is easy to see that this definition does not depend on the choice of ρ.
It follows from Frobenius' theorem that M is Levi-flat if and only if M has a foliation by complex hypersurfaces of X. The foliation is called the Levi foliation F of M . The typical example of Levi-flat real hypersurfaces is C × R ⊂ C 2 , where the Levi foliation is given by {C × {t}} t∈R .
It is well-known that any real-analytic Levi-flat real hypersurface is locally identified with this typical example. For non real-analytic Levi-flat real hypersurfaces, although its local structure is not unique, still a sort of normal coordinate system is available. Suppose M is Levi-flat. By standard arguments (cf. [A] ), we can choose a holomorphic chart (z 1 , z 2 ) of X and a local parametrization ϕ of F around any point p ∈ M so as to satisfy the following conditions:
(1) The parametrization ϕ(ζ, t) :
-smooth orientation-preserving diffeomorphism with ϕ(0, 0) = p and holomorphic in z. (We always assume these conditions for parametrizations of Levi foliations.) (2) The parametrization ϕ is in the form of ϕ(ζ, t) = (ζ, w(ζ, t)) in the coordinate system (z 1 , z 2 ). (3) The parametrization behaves along the leaf passing through p in such a way that
(4) The coordinate system (z 1 , z 2 ) is normalized at p with respect to g, namely, g jk (p) = 2δ jk .
We refer to such a parametrization ϕ(ζ, t) of M in the coordinate system (z 1 , z 2 ) as a distinguished parametrization around p ∈ M in this paper.
2.4. The form α. Let us define the key object of this paper. Suppose M is Levi-flat and a
M is given. Consider a parametrization of the Levi foliation F , not necessarily a distinguished parametrization, say ϕ(ζ, t) :
M . We denote by h 2 ϕ the local weight function of h 2 in this local trivialization. Using these notations, we define a continuous leafwise (1, 0)-form defined on ϕ(V ) by
One easily sees that α is well-defined on M . The point is that N Remark 2.2. We can associate a transversal measure µ = hdt of F from the hermitian metric h 2 of N 1,0
M . The form α measures the infinitesimal holonomy with respect to this transversal measure µ. In particular, µ is holonomy invariant measure if and only if α ≡ 0. The form α is essentially the modular form of µ in the context of foliation, which is useful in the study of the ∂-Neumann problem on weakly pseudoconvex domains (cf. [St] ).
The following Lemma will be used in §5. We can describe α in terms of defining function of M when the hermitian metric of N 
Proof. First see that this equality makes sense modulo ∂ρ ∧ ∂ρ. This is because a leafwise (1, 0)-form α is a linear functional on T 1,0 M = Ker∂ρ and its extension on T 1,0 X is unique modulo ∂ρ. Now we regard the equality as an equation on α and solve this. Take a point p ∈ M and a distinguished parametrization ϕ(ζ, t) : V → M in (z 1 , z 2 ). Then, we have at p, as an alternating 2-form,
Note that ϕ gives the standard embedding C × {0} ∩ V ⊂ C 2 and we are allowed to confuse ζ and z 1 on this image. Our local weight function (h ρ ) ϕ is just given by ∂ρ ∂y2 , therefore, we have
Hence, α should agree with the one given above. This α actually gives the solution since we can check the equality by looking at
Note that taking the modulo, we ignored the contribution from (∂∂ρ) p ∂ ∂z2 , ∂ ∂z2 .
3. An adjunction-type equality
In this section, we relate the totally real Ricci curvature, which we are going to estimate, with the form α via the Gauss' equation. Let M be an oriented C 2 -smooth Levi-flat real hypersurface without boundary in a Kähler surface (X, J X , g). We restrict the Riemannian metric g on M and denote by ∇ M , R M , Ric M its LeviCivita connection, curvature tenor, Ricci tensor respectively. We will compare the bisectional curvature of X and the totally real Ricci curvature of M and see that their difference is exactly the squared norm of α induced from the signed boundary distance function.
We consider near M the signed boundary distance function δ with respect to the Riemannian metric g, namely,
where we choose the sign so that δ becomes a defining function of M . It is wellknown that δ is actually of C 2 -smooth near M . Using this particular defining function δ of M , we induce a hermitian metric, simply denoted by h 2 , on the holomorphic normal bundle N 1,0 M as described in §2.2, and consider the form α with respect to this h 2 . Under this setting, we compute the difference in terms of α as follows:
Proposition 3.1. The following equality holds:
where ω is the fundamental form of g and the ratio of iα ∧ α and ω is taken as quadratic forms on
The main ingredient of the proof is Gauss' equation: for any real hypersurface M in a Riemannian manifold, we have
where v j ∈ T M and A denotes the shape operator of M ⊂ X, namely, for v ∈ T p M , we let
Proof of Proposition 3.1. Fix a point p ∈ M and take a distinguished parametrization around p, say ϕ(ζ, t) : V → M in (z 1 , z 2 ). Applying Gauss' equation at p for
respectively and adding resulting two equalities, we have at p
Note that the totally real Ricci curvature at p is by its definition
We observe that the last term in (3.1) is zero. This is because any complex submanifold in any Kähler surface is minimal with respect to the Kähler metric, hence, the trace of the shape operator restricted on the tangent space of a complex submanifold is always zero. We therefore have
The rest of the proof is to show the equality
by direct computation. First we compute its first term at p
Since our normal vector field is expressed as
where we used the explicit expression of the Christoffel symbol of the Levi-Civita connection and the Kählerity of g. We can compute the second term at p in the same way:
On the other hand, we have on C × {0} ∩ V ,
and we have at p
This completes the proof.
Corollary 3.2. Let M be an oriented C 2 -smooth Levi-flat real hypersurface without boundary in a Kähler surface X. Then its totally real Ricci curvature satisfies
In particular, when X is CP 2 equipped with the Fubini-Study metric,
Remark 3.3. The induced metric h ϕ in (3.2) is exactly the metric induced from the adjunction formula for Levi-flat real hypersurfaces (cf. [Der] ),
Here we equip K X |M and (T 1,0 M ) * with the hermitian metrics induced from the given Kähler metric g. From this viewpoint we will revisit Takeuchi's inequality [T] in Appendix A.
An integral formula
In this section, we will prove an estimate for L 2 -norm of smooth sections of hermitian holomorphic line bundles over pseudoconcave domains in Kähler surfaces. This will be used in the next section to show a finiteness theorem for holomorphic sections of negative holomorphic line bundles over domains with Levi-flat boundary in CP 2 . As in the previous sections, let X be a complex surface equipped with a Kähler metric g and denote its fundamental form by ω. We consider a relatively compact domain Ω ⋐ X with C 2 -smooth boundary M . Later we will assume M to be pseudoconcave in §4.2 or Levi-flat in §5.
Take a defining function ρ of M that is extended on Ω. We normalize our defining function so as to satisfy |dρ| g = 1 on M ; this is always possible replacing ρ by ρ/|dρ| g near M and using a partition of unity argument. Later in §5 we will choose ρ as the signed boundary distance function to M . We will denote by dv M the area element of M with respect to the restriction of the Riemannian metric g on M .
4.1. An integral formula for functions over complex manifolds. The main ingredient of our L 2 -estimate is an integral formula for functions, which has already appeared in Griffiths' paper [G] .
Choose locally an orthonormal frame ω 1 , ω 2 of (1, 0)-forms with dual frame L 1 , L 2 of T 1,0 X with respect to the hermitian metric g. On M , we also require that ω 2 = √ 2∂ρ. Then, L 1 gives a local trivialization of the holomorphic tangent bundle T 1,0 M and the Levi-form of M can be identified with a scalar function, say
It is easily seen that ℓ ρ is independent of the choice of the orthonormal frame.
We now define the nonnegative (1, 1)-form ω ρ by
What is important is that the form ω ρ has essentially the same properties as the form Ω τ in the paper of Griffiths [G] for n = 2. One can then prove the following integral formula (see also [G, p. 433] ):
Proof. First of all it is easy to check that one has (4.1)
On the other hand, we have
Since ∂ρ ∧ ∂ρ = 0 on M , (4.2) and (4.3) imply (4.1). Now (4.1) and Stokes' theorem imply
But for bidegree reasons
By (4.4) and Stokes' theorem again (note that ω ρ | M = 0), we get
4.2. An estimate for sections over pseudoconcave domains. Let L be a holomorphic line bundle on X with a hermitian metric h. For an (open or closed) subset W ⊂ X we will use the following notations for sections over W : The Chern connection
′′ coincides with the canonical ∂-operator of L and which is compatible with the hermitian structure of L; that is for every
Here the sequiliniear map { , } is defined as usual: If e is a local frame of L, and
We denote by Θ(L) the curvature of D for given h.
We can now prove the following:
. We will apply Theorem 4.1 with g = |s| 2 .
First recall (cf. [Dem, Chapter 5] ) that in a local holomorphic frame e one has |s| 2 = |f | 2 e −ψ , D ′ = ∂ − ∂ψ ∧ · and iΘ(L) = i∂∂ψ where we denote s = f ⊗ e and |e| 2 = e −ψ . A straightforward computation shows that
Hence we obtain
Using (4.5) we have {D ′ ∂s, s} = {D∂s, s} = {∂s, Ds} + d{∂s, s}.
For bidegree reasons we have {∂s, Ds} ∧ ω ρ = {∂s, ∂s} ∧ ω ρ . Therefore we obtain
and the second term is
where the last equality holds since ω ρ | M = 0. Combining this with (4.6) we have
where the last inequality holds since
Together with Theorem 4.1 we then get from our assumption
This proves the proposition.
Finiteness of the space of holomorphic sections over Levi-flat domains
In this section, we will apply the estimate of Proposition 4.2 to negative holomorphic line bundles L = O(−m), m > 0, over a domain Ω with smooth Levi-flat boundary M in CP 2 . Here, of course, we equip CP 2 with the Fubini-Study metric g F S and L = O(−m) with the hermitian metric induced from g F S .
We obtain the following
Proof. Choose a defining function ρ of M so that it agrees with the signed boundary distance function with respect to the Fubini-Study metric near M . The proof is based on the observation that there exists ε > 0 such that
holds on a neighborhood of M if and only if Ric M (ξ, ξ) > 2 − 2m. Let us now present the details. First note that the first term is
From Lemma 2.3, the second term is
on the points in M . Hence, it suffices to compare mω F S with 2iα ∧ α on the holomorphic tangent space T 1,0 M as quadratic forms. Using a distinguished coordinate ϕ(ζ, t) around a point p ∈ M , we have
from Proposition 3.1 and our normalization of the Fubini-Study metric. Therefore,
confirms the observation (5.1).
From ( 
for all δ > 0. But this immediately implies that there exists a constant C 0 > 0 such that
The estimate (5.2) implies that that there exists a constant C > 0 such that
where K ⊂ Ω is any compact containing Ω ′ in its interior. Indeed, let χ be a smooth function on CP 2 , 0 ≤ χ ≤ 1, which vanishes in a neighborhood of Ω ′ and equals 1 in the complement of K. Applying (5.2) to χs we get
from which (5.3) follows. It is standard to deduce from estimate (5.3) the finite dimensionality of
Considering the canonical bundle L = K CP 2 = Ø(−3), i.e., m = 3, we have the following finite dimensionality, which situation leads to a contradiction. 
Constructing holomorphic sections over pseudoconvex domains in CP n
In this section, we use the well-known L 2 -estimates for ∂ to show that K CP n = O(−n−1) has many L 2 -holomorphic sections over a pseudoconvex domain Ω ⊂ CP n (Proposition 6.1). The setting and notations in this section are independent of the previous sections.
We use the L 2 -estimates for ∂ in the refined version of Demailly [Dem, Chapter 8] :
Let (X, ω) be a Kähler manifold of dimension n. Assume that X is weakly pseudoconvex. Let E be a hermitian holomorphic vector bundle over X, and let ψ ∈ L 1 loc be a weight function. Suppose that
for some continuous positive function γ on X. Then for any (n, q)-form f with L 2 loc coefficients, q ≥ 1, satisfying ∂f = 0 and Ω γ −1 |f | 2 e −ψ dV ω < +∞, there exists u ∈ L 2 n,q−1 (X, E) such that ∂u = f and
Any domain Ω ⊂ CP n together with the Fubini-Study metric ω F S is, of course, a Kähler manifold. We will now use Demailly's L 2 -existence result to prove the following proposition.
Proposition 6.1. Let Ω ⊂ CP n be a domain with C 2 -smooth pseudoconvex boundary. Then dimL 
Choose k distinct points p 1 , . . . p k ∈ Ω. For each j = 1, . . . , k, we choose a local holomorphic coordinate system (z j 1 , . . . , z j n ) around p j . In such a coordinate system, we identify p j with z j = (0, . . . , 0), and we also assume that B 
Next, we will use results of Takeuchi [T] and Ohsawa and Sibony [OS] , namely if Ω ⊂ CP n is a pseudoconvex domain with C 2 -boundary, then there exists some η ∈ (0, 1) such that ψ = −δ η is strictly plurisubharmonic in Ω; here δ is the (unsigned) boundary distance function with respect to ω F S . But this implies that for some constant C > 0, we have i∂∂(ϕ + Cψ) > 0 in Ω. 
From [T] we know that every pseudoconvex domain Ω ⊂ CP n is Stein, hence (Ω, ω F S ) satisfies the assumptions of Demailly's L 2 -existence result. Thus we get functions u j satisfying ∂u j = f j with the property
where γ > 0 is the smallest eigenvalue of i∂∂(ϕ + Cψ) with respect to ω F S .
Notice that e −ϕ = |z j | −2n for all z ∈ B j ε/2 and that e −Cϕ is bounded from above and from below by constants on Ω. Hence we must have that u j (p ℓ ) = 0 for ℓ = 1, . . . , k. Furthermore, we have that h j = χ j + j =ℓ χ ℓ z ℓ 1 − u j satisfies ∂h j = 0 and Ω |h j | 2 dV ωF S < +∞.
By our construction, h j (p j ) = 1 − 0 = 1, and for ℓ = j, h j (p ℓ ) = 0 − 0 = 0. So in particular, we have h j (p ℓ ) = δ jℓ . Hence dimL where z 1 = x 1 +iy 1 is the first coordinate of a distinguished parametrization around p, say ϕ(ζ, t) : V → M in (z 1 = x 1 + iy 1 , z 2 ). This curvature G F /M may be referred to as the Gauss-Kronecker curvature or the Lipschitz-Killing curvature of the leaves of F . They are usually defined for real hypersurfaces or real submanifolds in the Euclidean spaces by the same formula, namely, the determinant of the shape operator. We used the shape operator of the leaves of F in M to define G F /M . Instead of it, one may use the shape operator A of M in X because of the Kählerity of g: we have at p ∈ M Proof. We work in the same local situation of Proposition 3.1. We denote by P = C × {0} ∩ V the plaque of the leaf passing through p and by Ric P its Ricci tensor with respect to the restriction of g on the leaf. 
